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In this note, by analyzing the interpolation operator of Girault and Raviart given
in [V. Girault, P.A. Raviart, Finite element methods for Navier–Stokes equations, Theory
and algorithms, in: Springer Series in Computational Mathematics, Springer-Verlag,
Berlin,1986] over triangular meshes, we prove optimal interpolation error estimates for
Lagrange triangular finite elements of arbitrary order under the maximal angle condition
in a unified and simple way. The key estimate is only an application of the Bramble–Hilbert
lemma.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The nondegenerate assumption or minimal angle condition [1–3] for finite element meshes is required in the classical
finite element theory. But there are some references on the degenerate elements without the above assumption. Some error
estimates for degenerate elements go back to the works of Babus˘ka and Aziz [4] and of Jamet [5]. Both of them prove the
optimal error estimate for the linear Lagrange triangular element under the maximal angle condition. Similar results have
also been proved in [6–8,10] and references therein.
In this note, we consider a special interpolation operator introduced by Girault and Raviart in [9, pp. 100] and obtain the
optimal interpolation error estimates by writing the H1 norm as a combination of L2 norms of two directional derivatives
along two edges of the triangle. The idea comes from the fact that the interpolation error estimate in L2 norm does not
impose any geometric hypothesis on the meshes.
2. A special interpolation operator and its error estimates
Throughout this paper, we adopt the standard conventions for Sobolev norms ‖v‖m,G and seminorms; cf. [1,2]. We shall
also denote by Pl(G) the space of polynomials on G of degrees no more than l.
Let Ω denote a plane polygonal domain, Jh be a finite element triangulation of Ω , with each element K being an open
triangle of diameter hK , h = maxK∈Jh hK . We only assume that the triangulation satisfy the maximal angle condition. That is
to say, there is a constant σ < pi (independent of h and K ) such that the maximal interior angle αM,K of any element K ∈ Jh
is bounded by σ , i.e., αM,K < σ . It can be easily seen that the maximal angle condition is weaker than the minimal angle
condition since the latter implies the former, but the converse is not the case.
We denote by K̂ the reference unit simplex in the (ξ , η) space with vertices â1 = (0, 0), â2 = (1, 0) and â3 = (0, 1).
Then for any K , there exists exactly one affine mapping FK such that FK (̂ai) = ai, i = 1, 2, 3.
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Fig. 1.
Now, we fix the integer k ≥ 1 and define the standard finite element spaces:
V kh = {vh ∈ C0(Ω); vh|K ∈ Pk(K), ∀K ∈ Jh, vh|∂Ω = 0}. (2.1)
Instead of the usual nodal Lagrange interpolant, we will introduce the following ‘‘vertex–edge–face’’ type interpolant,
which is defined as
Π kKu(ai) = u(ai), 1 ≤ i ≤ 3,
if k ≥ 2
∫
l
(Π kKu− u)pds = 0, ∀p ∈ Pk−2(l), ∀side l of K ,
if k ≥ 3
∫
K
(Π kKu− u)pdxdy, ∀p ∈ Pk−3(K).
(2.2)
The global interpolantΠ kh : H2(Ω) −→ Vh is defined byΠ kh |K = Π kK ,∀K ∈ Jh.
The following theorem is a local interpolation error estimate for the above interpolation operator, which is the main
result of this paper.
Theorem 2.1. Assume that u ∈ Hk+1(K); then we have
|u−Π kKu|1,K ≤
C
sinαM,K
hk|u|k+1,K , (2.3)
where the constant C is independent of the geometric conditions for the triangle K .
Proof. Without loss of generality, we assume that l1, l2 are the two edges of the maximal angle αM,K and adopt the notation
of Fig. 1. Let s1 = (s11, s12), s2 = (s21, s22) be the directions of the edges l1 and l2, respectively. Then it can be checked easily
that 
∂
∂x
∂
∂y
 = 1
sinαM,K
(
s22 −s12
−s21 s11
)
∂
∂s1
∂
∂s2
 . (2.4)
By an immediate computation, we have
|u−Πu|21,K =
1
sinα2M,K
(∥∥∥∥∂(u−Πu)∂s1
∥∥∥∥2
0,K
+
∥∥∥∥∂(u−Πu)∂s2
∥∥∥∥2
0,K
−2 cosαM,K
∫
K
∂(u−Πu)
∂s1
∂(u−Πu)
∂s2
dxdy
)
≤ 2
sinα2M,K
(∥∥∥∥∂(u−Πu)∂s1
∥∥∥∥2
0,K
+
∥∥∥∥∂(u−Πu)∂s2
∥∥∥∥2
0,K
)
. (2.5)
Set V = ∂(u−Πu)
∂s1
; then by (2.2) there hold∫
K
Vpdxdy = 0, ∀p ∈ Pk−2(K), if k ≥ 2 (2.6)
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and ∫
l1
Vpds = 0, ∀p ∈ Pk−1(l1). (2.7)
Now we will prove that on the reference element K̂
‖V̂‖0,K̂ ≤ C |̂V |k,K̂ . (2.8)
Let us consider the interpolation operator Î : Hk(K̂) −→ Pk−1(K̂) defined by∫
K̂
Îv̂p dξdη =
∫
K̂
v̂p dξdη, ∀p ∈ Pk−2(K̂), if k ≥ 2 (2.9)
and ∫
l̂1
Îv̂p d̂s =
∫
l̂1
v̂p d̂s, ∀p ∈ Pk−1(̂l1). (2.10)
It can be checked that the above interpolation problem is well posed (the case k = 1 is trivial and we only need to consider
k ≥ 2). In fact, the number of equations in (2.9) and (2.10) is k(k+1)2 , which is the dimension of Pk−1(K̂). Hence (2.9) and (2.10)
is a square system of linear equations and it suffices to prove that its solution is unique. Thus, we assume that q ∈ Pk−1(K̂)
satisfies∫
K̂
qp dξdη = 0, ∀p ∈ Pk−2(K̂) (2.11)
and ∫
l̂1
qp d̂s = 0, ∀p ∈ Pk−1(̂l1). (2.12)
From (2.12) we can see that q|̂l1 ≡ 0 and q can be expressed in terms of barycentric coordinates as q = λ1q1 with
q1 ∈ Pk−2(K̂); then taking p = q1 in (2.11) we get that q1 ≡ 0 and hence q ≡ 0.
Noticing that Î V̂ = 0, then (2.8) follows by an application of the Bramble–Hilbert lemma. The estimate (2.8) and a scaling
argument give that∥∥∥∥∂(u−Πu)∂s1
∥∥∥∥
0,K
≤ Chk
∣∣∣∣ ∂u∂s1
∣∣∣∣
k,K
. (2.13)
Similarly, one can obtain∥∥∥∥∂(u−Πu)∂s2
∥∥∥∥
0,K
≤ Chk
∣∣∣∣ ∂u∂s2
∣∣∣∣
k,K
. (2.14)
A combination of (2.5), (2.13) and (2.14) completes the proof.
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